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Review: Lecture 1

◼ Introduction to Quantum Computing

⚫ Superposition

⚫ Quantum Computer vs. Classic Computer

◼ Complex Number

◼ The Algebra Property

⚫ Ordered pair representation

⚫ Modulus

⚫ conjugate

◼ The Geometry Property

⚫ Benefits of polar representation
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Lecture 2: Complex Vector 
Space
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Complex vector 
space

• Complex vector space

• Transpose, conjugate,      
adjoint

• Matrix multiplication

• Linear map

1
Basis and Dimension

• Linear combination

• Linear independent

• Basis and dimension

• Transition matrix

• Change of basis

2
Inner Product and 
Hilbert Space

• Inner product, norm 
and distance

• Orthonormal basis

• Cauchy sequence, 
complete and  Hilbert 
space

3

Eigenvalue and Eigenvector

• Definition

4
Hermitian and Unitary Matrices

• Hermitian matrix, properties and physical meaning

• Unitary matrix, properties and physical meaning

• Types of matrices

5



1. Complex Vector Space

◼ Definitions: three operations

⚫ Addition(+):  

⚫ Negation(-):

⚫ Scalar multiplication(·): 

◼ Definition: zero

⚫ Zero vector: 
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If these operations and zero satisfy the properties:

（感谢弘毅学堂 2020 级董弘禹同学指出零向量未加粗错误）



1. Complex Vector Space

◼ Definition: complex vector space 

⚫ Commutativity:  

⚫ Associativity:

⚫ Additive identity:

⚫ Additive inverse:

⚫ Multiplication identity:

⚫ Distributive properties:
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（感谢弘毅学堂 2020 级董弘禹同学指出零向量未加粗错误）



1. Complex Vector Space

◼ Examples
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1. Complex Vector Space

◼ Three unary operations for  

⚫ Transpose

⚫ Conjugate

⚫ Adjoint (dagger)                       

2024/3/5 《Quantum Computing》 7



1. Complex Vector Space

◼ Properties of transpose

⚫ Transpose is idempotent: 

⚫ Transpose respects addition:

⚫ Transpose respects scalar multiplication:  
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1. Complex Vector Space

◼ Properties of conjugate

⚫ Conjugate is idempotent: 

⚫ Conjugate respects addition:

⚫ Conjugate respects scalar multiplication:  
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1. Complex Vector Space

◼ Properties of adjoint

⚫ Adjoint is idempotent: 

⚫ Adjoint respects addition:

⚫ Adjoint respects scalar multiplication:  
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1. Complex Vector Space

◼ Selected properties for matrix multiplication

⚫ Matrix multiplication distributes over addition:

⚫ Matrix multiplication respects scalar multiplication:
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（感谢弘毅学堂2020级汪昊楠同学指正此页关于矩阵乘法维度不匹配的错误）



1. Complex Vector Space

◼ Selected properties for matrix multiplication

⚫ Matrix multiplication relates to the transpose:

⚫ Matrix multiplication respects to the conjugate:

⚫ Matrix multiplication relates to the adjoint:
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（感谢弘毅学堂2020级汪昊楠同学指正此页关于矩阵乘法维度不匹配的错误）



1. Complex Vector Space

◼ The physical explanation of matrix * vector

⚫ Matrix * vector --> Action * state
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1. Complex Vector Space

◼ Definition: linear map

⚫ A linear map from                 is a function

➢ f  respects the addition:

➢ f respects the scalar multiplication:
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1. Complex Vector Space

◼ The physical explanation of linear map
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2. Basis and Dimension

◼ Definition: linear combination

where 

and 
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2. Basis and Dimension

◼ Definition: linearly independent

⚫ Corollary (推论，try to prove)

➢ For any                       , cannot be written as a 

combination of the others

➢ For any                 , unique coefficients
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A set                      is called linearly independent if

（感谢弘毅学堂 2020 级王骏峣同学指出𝒗𝑖公式下标粗体错误）

（感谢弘毅学堂 2020 级董弘禹同学指出零向量未加粗错误）



2. Basis and Dimension

◼ Definition: basis

⚫

⚫ is linearly independent

◼ Canonical/standard basis

⚫ A basis that is easier to work with
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A set                       is called a basis of a vector 
space    if



2. Basis and Dimension

◼ Examples
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2. Basis and Dimension

◼ Examples
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2. Basis and Dimension

◼ Definition: dimension

⚫ The dimension of a (complex) vector space is 
the number of elements in a basis of the 
vector space
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2. Basis and Dimension

◼ Definition: transition matrix 

⚫ A transition matrix from basis    to basis     is 
a matrix         such that their coefficients 
satisfy 

⚫ Note
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2. Basis and Dimension

◼ Utilities of transition matrix 

⚫ Operator re-representation in a new basis

⚫ State re-representation in a new basis
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2. Basis and Dimension

◼ Example: Hadamard matrix
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2. Basis and Dimension

◼ The motivation to change basis
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3. Inner Product and Hilbert Space

◼ Definition: inner product 

⚫ A binary function                         that satisfies:

➢ Nondegenerate: 

➢ Respects additions:

➢ Respects multiplication:

➢ Skew symmetric: 
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(感谢弘毅学堂 2018级谈喆灵同学指正此页内积运算相对于标量乘法的公式错误)

(感谢弘毅学堂 2019级甘汶曦同学指正此页单词skew的拼写错误)

（感谢弘毅学堂 2020 级董弘禹同学指出零向量未加粗错误）



3. Inner Product and Hilbert Space

◼ Definition: inner product 

⚫ A binary function                         that satisfies:

➢ Nondegenerate: 

➢ Respects additions:

➢ Respects multiplication:

➢ Skew symmetric: 
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(感谢弘毅学堂 2018级谈喆灵同学指正此页内积运算相对于标量乘法的公式错误)

(感谢弘毅学堂 2019级甘汶曦同学指正此页单词skew的拼写错误)

（感谢弘毅学堂 2020 级董弘禹同学指出零向量未加粗错误）

Conjugate linear in the first slot 
and linear in the second slot



Supplementary material

◼ Why must be skew symmetric rather than 
symmetric?
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《为什么内积在复数向量空间中不具有交换性？》 https://www.zhihu.com/question/60961989

与前面公式不一致，但是没关系



3. Inner Product and Hilbert Space

◼ Definition: inner product space

⚫ A vector space with an inner product.

◼ Examples
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3. Inner Product and Hilbert Space

◼ Examples (cont.)
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3. Inner Product and Hilbert Space

◼ Definition: norm

⚫ A unary function derived from inner product

defined as 

⚫ Properties

➢ Norm is nondegenerate:

➢ Norm satisfies the triangular inequality:

➢ Norm respects scalar multiplication:  
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(感谢弘毅学堂 2018级王浩冰同学指正此页三角不等式的不等号错误)

（感谢弘毅学堂 2020 级董弘禹同学指出零向量未加粗错误）



3. Inner Product and Hilbert Space

◼ Definition: distance

⚫ A binary function defined based on norm

defined as 

⚫ Properties

➢ Distance is nondegenerate:

➢ Distance satisfies the triangular inequality:

➢ Distance is symmetric: 
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(感谢弘毅学堂 2018级王浩冰同学指正此页nondegenerate公式不完整的错误)



3. Inner Product and Hilbert Space

◼ Definition: orthonormal basis

⚫ A basis                             for an inner space    

satisfies 

⚫ Property

➢ For            and any orthonormal basis             ,

we have 
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(Pay attention to the order!)



补充材料：内积
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Norm （长度）

Distance （远近）

Inner product
Cos θ（夹角） Orthogonal （正交）

几何

长度
距离
角度
正交
…



3. Inner Product and Hilbert Space

◼ Definition ( just a sketch): Cauchy sequence

⚫ Given a sequence of vectors                 , if for

such that for all 

◼ Definition ( just a sketch): Complete

⚫ For any Cauchy sequence                  , 

there exist a          , such that

◼ Definition: Hilbert space

⚫ A complex inner space that is complete
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4. Eigen-values and -vectors

◼ Definition: eigenvalue and eigenvector

⚫ For a matrix             , if there is a number

and a vector               such that

then    is called an eigenvalue of     and

is called an eigenvector of    associate with    .  
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5. Hermitian and Unitary Mat.

◼ Definition: Hermitian

⚫ such that

◼ Definition: self-adjoint

⚫ If A is a Hermitian matrix then the operator 

that it represents is call self-adjoint (why called 

self-adjoint? see proposition 2.6.4)
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5. Hermitian and Unitary Mat.

◼ Proposition 1

⚫ If               is Hermitian, for all               we have

⚫ Proof
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5. Hermitian and Unitary Mat.

◼ Proposition 2

⚫ For a Hermitian matrix, its all eigenvalues are real

◼ Proof

⚫ Let               be a Hermitian matrix with an 

eigenvalue          and an eigenvector 
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5. Hermitian and Unitary Mat.

◼ Proposition 3

⚫ For a Hermitian matrix, distinct eigenvectors that 

have distinct eigenvalues are orthogonal

◼ Proof

⚫ Let               be a Hermitian matrix with two 

distinct eigenvalues                 and their related 

eigenvectors
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5. Hermitian and Unitary Mat.

◼ Proof (cont.)

⚫ Let               be a Hermitian matrix with two 

distinct eigenvector                   and their related 

eigenvalues
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5. Hermitian and Unitary Mat.

◼ Proposition 4 (try to prove)

◼ Physical Meaning of Hermitian Matrix
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5. Hermitian and Unitary Mat.

◼ Definition: Unitary

⚫ Given a reversible matrix               such that

◼ Examples
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(感谢弘毅学堂2021级胡楷明同学指出本页截图错误)



5. Hermitian and Unitary Mat.

◼ Proposition 1

⚫ [Unitary matrices preserve inner products]

If              is unitary, for all              we have

⚫ Proof
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5. Hermitian and Unitary Mat.

◼ Proposition 2

⚫ [Unitary matrices preserve norm]

If              is unitary, for all            we have

⚫ Proof
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(感谢弘毅学堂 2018级魏瑄同学指正此页证明过程中根号遗漏的错误)



5. Hermitian and Unitary Mat.

◼ Proposition 3

⚫ [Unitary matrices preserve distance]

If              is unitary, for all               we have

⚫ Proof

2024/3/5 《Quantum Computing》 47



Supplementary material

◼ Proposition 4

⚫ The modulus of eigenvalues of unitary matrix 

is 1（酉矩阵的特征值的模为1）

◼ Proposition 5

⚫ Unitary matrix is the transition matrix from an 

orthonormal basis to another orthonormal 

basis （标准正交基到标准正交基的过渡矩阵是酉

矩阵）
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Source: https://www.youtube.com/watch?v=zQMUmaTxrbw
(感谢人工智能专业 2021级王之宪同学指正此页英文写作的语法错误)



补充材料

◼ 证明：标准正交基变换矩阵 是正交的

⚫ 给定两个标准正交基 和

⚫ 假设基变换矩阵 , 即

➢ 有

➢ 即 标准基变换矩阵是正交的（即为酉矩阵）

⚫ 假设一个向量 在 和 下的坐标分别为 和

➢ 有
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5. Hermitian and Unitary Mat.

◼ Physical Meaning of Unitary Matrix
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5. Hermitian and Unitary Mat.

◼ The roles of H and U
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5. Hermitian and Unitary Mat.

◼ Types of Matrices
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There are some others, e.g., Pauli matrices X, Y, Z



Conclusion

1. Complex Vector Space
➢ Transpose, conjugate and adjoint

2. Basis and Dimension
➢ Change of basis

3. Inner Product and Hilbert Space
➢ Inner product, norm and distance

4. Eigenvalues and Eigenvectors

5. Hermitian and Unitary Matrices
➢ Properties and physical meanings
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Quiz

◼ 以下这幅图让你想到什么矩阵？为什么？
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Quiz

◼ 以下这幅图让你想到什么矩阵？为什么？
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